HORIZONTALLY PERIODIC GENERALIZED SURFACE
QUASIGEOSTROPHIC PATCHES AND LAYERS

DAVID M. AMBROSE!, FAZEL HADADIFARD?, AND JAMES P. KELLTHER?

ABSTRACT. We study solutions to the a-SQG equations, which interpolate between the
incompressible Euler and surface quasi-geostrophic equations. We extend prior results on
existence of bounded patches, proving propagation of H*-regularity of the patch boundary,
k > 3, for finite time for patches that are periodic in one spatial dimension. Such periodic
patches also encompass layers, or two-sided fronts. As the authors have treated the Euler
case in prior work, we now primarily focus on the range of « for which a-SQG lies strictly
between the Euler and SQG equations.
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1. INTRODUCTION

The generalized surface quasi-geostrophic a-SQG equations in strong form can be written,

O +u-Vo=0 in [0, 7] x R2,
(a-SQG) u=-VH(-A)"1=2)9 in [0,T] x R?, (1.1)
6(0) = 6y in R2.

Here, u is a velocity field by which the active scalar 6 is transported, with u recovered
from the scalar via the constitutive law in (1.1)2. Because of the presence of the operator
V-t = (=05, 01), we have divu = 0. A solution is to hold until some time 7' > 0, which may
be finite.

When used to model atmospheric turbulence for small Rossby and Ekman numbers and
constant potential velocity, 8 is the temperature, which is advected by the divergence-free
velocity field u. (See, for instance, [24].)

We focus on values of a € [0, 1], the two cases of most widespread interest being o = 0, 1,
in which case (1.1) becomes the following:

a = 0: Euler equations,
a=1: SQG equations.

As in [14], for a € [0,2), we can write the constitutive law, (1.1)2, in the form,
u=V*Gex9, (1.2)
where

Go(x) == { ¥l (1.3)
cologlx| fa=0
is the Green’s function for —(—A)'"2 with ¢, = I($)/(m227°T(1 — §)) for 0 < a < 2 and
co = (2m)~1. Observe that

2er(z)  HBAT) Req) 1 (1.4)

lim ac, = lim o,

a0+ amot 4n0(1) 27 2@ 27
since the I" function has a simple pole of residue 1 at the origin. This means, in particular,
that ac, is continuous on [0, 00) and bounded over « € [0, 1].

We are interested here in patch solutions to a-SQG, a special type of weak solution in
which 0(t) is the characteristic function of a domain. Our special concern in this paper is
a subclass of patch data for which () is periodic in one direction. Periodic patches, as we
develop them, encompass both periodic layers (two-sided fronts) and periodic copies of a
single bounded domain. See the illustrations in [4], for the Euler equations, the o = 0 case.

Remark. For concreteness, we choose periodicity in the x1-direction with a period of 1.
More precisely, we make the following definitions:

Definition 1.1. Let 0 € L=([0,T] x R?) and suppose that u := —V+(=A)~(1-2)9 ¢
L>([0,T) x R?). Then 0(t,x) is a weak solution of a-SQG with initial scalar 0y if for any
test function ¢ € C1([0,T] x R?),

T
/0 /R2 0(t,x) [0:p +ul(t,x) - Vo(t,x)] dxdt = / [(00)(t,x) — O0(x)p(0,x)] dx.  (1.5)

RQ
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We call a weak solution periodic, or, more fully, 1-periodic in x1, if
0(t,x + (n,0)) = 6(t,x) for all (t,x) € [0,T] x R?.

Definition 1.2. Fiz a1,a2 € R. We say that a weak solution to a-SQG is an a-SQG-patch
solution or simply a patch on [0,T] x R? if at time t € [0,T] it is of the form

a1 ifx € Q(t),

a i x € Q) (16)

0(t,x) = Patch(2(t), a1, a2) := {

for some domain Q(t) in R?.
Remark. Because V-(—A)"0"2)e = (=A)~0=2)VLe =0 for any constant c,
V4 (=A)"072) Patch(Q(t), ay, ag) = VH(—A) "2 [Patch(Q(t), a1, az) — az)
=V (=A)" "2 [Patch(Q(t), a1 — a2,0)] = V(=A)"172)(ay — ag) gy,

Also, the value of a1 — ao plays little role in our analysis so, losing no generality, we assume
that a1 = 1, ao = 0, making our patches of the form,

0(t,x) = Lo (1.7)

We will formulate, for any o € (0, 1], a contour dynamics equations (CDE) for 1-periodic
in x1 patches that are compactly supported in the vertical direction. Our main result, stated
precisely in Theorem 11.1, is as follows:

Theorem (Main result, roughly stated). For a € (0,1), let 7y, be the boundary of a periodic
domain in R? bounded in the vertical direction, and having an H™ boundary, m > 3. There
exists a time T > 0 for which a unique periodic solution v to the CDE for a-SQG exists in
C([0,T); H™) with 0y € C([0,T]; L) N L*°([0, T); H™ ') and v(0) = ~,.

The case a = 1, which is not covered in Theorem 11.1, is the subject of a future work. In
preparation for that work, we include o = 1 in as many of our estimates as feasible.

Remark 1.3. We stress that our uniqueness results apply to solutions to the CDE, but not
to weak solutions to a-SQG, for which uniqueness is not known. That is, we cannot rule out
the possibility that a patch at time zero evolves over time to a weak solution that is not a
patch; we can show only that exactly one such solution can remain a patch. (More precisely,
see Proposition 7.1 and Corollary 7.2.)

1.1. Euler equations: a = 0. Much of our analysis for a-SQG for « € (0, 1] applies to the
Euler equations, o = 0, as well, but in that case the stronger result in [4] can be obtained. In
[4], three distinct types of weak solution are defined, Type 1 being a solution to a-SQG (for
a = 0) on [0, T] x R? with periodic initial data, Type 2 being a solution on a periodic strip (II,
defined below in (2.1)), and Type 3 again being a solution on [0, 7] x R? for a single bounded
domain, but with the constitutive law adapted to obtain a velocity field that corresponds to
periodic copies. Much effort was spent in [4] showing the equivalence of these three types
of weak solutions, taking great advantage of the techniques developed in [1, 12, 13] to work
with Type 2 solutions.

In large part because the constitutive law, (1.1), for a = 0 gives u one full derivative of
regularity over that of 6, it is possible to obtain uniqueness of weak solutions in which one
only has § and u in L>(R?). One still has curlu = 6, but the constitutive law no longer
holds, being replaced by the Serfati identity. This result is due to Serfati [28] (and see [5] for
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a fuller version of the proof). Combined with the results in [1, 12, 13|, this makes it possible
to put the three types of weak solutions on equal footing without specializing to patch data.

Working with periodic patch data in [4], a contour dynamics equation (CDE) is developed
for each type of solution, and it is shown that any such CDE solution is a weak solution.
Because uniqueness of weak solutions is known to hold, it immediately follows that the three
types of CDE solution are equivalent. This simplifies the subsequent analysis of the boundary
regularity of the patch, in which it is shown that C' regularity is propagated for all time,
and allows the results to be stated in terms of weak solutions to the Euler equations. In
contrast, see Remark 1.3.

Moreover, for the 2D Euler equations, the velocity field is log-Lipschitz, which gives a
unique flow map along which vorticity is transported. For any time, the flow map induces
a diffeomorphism of R? to R? that maps any point to its transported position at that time,
which prevents self-intersection of a patch boundary. (This also uses that weak solutions are
unique and that any CDE solution is a weak solution.) By contrast, for a € (0, 1], we need
to incorporate a measure of non-self-intersection into the energy arguments, as in Section 9.

1.2. Prior work. Rodrigo in [26, 27| considered the evolution of a simplified model for SQG
with spatially periodic patches of halfspace-type; that is, with 6 taking one value above a
horizontally periodic curve and another value below the curve. Such solutions are known
as sharp fronts. Rodrigo’s model was formed by approximating the Green’s function rather
than using the properly periodized Green’s function. Fefferman and Rodrigo then considered
analytic sharp fronts for a related model problem in [10] (again not considering the exact
periodic Green’s function).

Bounded patch solutions have been studied for the exact SQG evolution, beginning with
Gancedo [14]. This work left open the question of uniqueness for a = 1, subsequently settled
by Cordoba, Cordoba, and Gancedo [9]. Gancedo and Patel established a blowup criterion
for SQG patches, among other results in [16]. In [15], Gancedo, Nguyen, and Patel extended
existence theory for patches to low regularity, allowing the initial bounded patch to have
large curvature (the patch boundary is taken to lie H*"* with s < 1/2).

Front solutions have been considered in the series of papers [17, 18, 19, 20, 21, 22] by
Hunter, Shu, and Zhang. This work began with the development of approximate models
for the evolution of sharp SQG fronts, and the development of existence theory for these
approximate models [17, 18]. Subsequently, for the full SQG equations of motion, the contour
dynamics equation was developed for the motion of sharp fronts [19, 20]. One difference
between the contour dynamics equations developed in [19, 20] and that of the present work
is that they consider only curves which are a graph with respect to the horizontal, while we
consider more general parameterized curves. Hunter, Shu, and Zhang proved the existence of
global front solutions with small, smooth data in [21], [22]. Subsequently, Ai and Avadanei
gave a refined analysis of the front equation, still in the graph case, giving a local well-
posedness result for data of any size and a global well-posedness result for small data in a
low-regularity setting [2].

In this paper, we adapt the approach of Gancedo in [14] to cover the case of periodic
patches.

1.3. Organization of this paper. Our periodic patches can equivalently be treated as
patches on a periodic strip: in Section 2 we describe how to move back and forth between the
two settings. We derive expressions for the constitutive law for a periodic scalar in Section 3,
which we specialize to patch data in Section 4. In Section 5, we derive the CDE for a periodic
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patch and state the definition of what we mean by a periodic solution to the CDE in Section 6.
That a periodic CDE solution is a weak solution is shown in Section 7.

The key differences between the analysis of the single, bounded-domain patches of [14]
and the periodic patches that we study arise from the difference in the Green’s function that
lies at the heart of the constitutive law. We describe these differences in Section 8, and
explain our approach to adapting the analysis of [14]. A key aspect of the argument in [14]
involves a function F' that measures how close to self-intersecting the boundary of a patch
is—so0 as to ensure a finite time up to which self-intersection is avoided. For a periodic patch,
self-intersection effectively also occurs if the patch can no longer arise as a periodic copy of a
single patch: in Section 9, we describe how we incorporate that type of self-intersection into
the function F. (Another type of self-intersection occurs for a multiply connected domain
when two components of the boundary intersect, a possibility that we control, for finite time,
as the last step in our proof of existence.)

We write the CDE equation as 0yy = L(7), where L is the CDE solution operator. We
give detailed estimates on L in Section 10. In Section 11, we give the proof of our main result,
the short time existence and uniqueness of solutions to the periodic CDE with H* boundary
regularity, k > 3, for a € (0, 1).

In Appendix A, we give bounds on the singularities and growth at infinity of a key portion
of the Green’s function from which the constitutive law for a patch is derived. Finally, we
give a number of utility lemmas in Appendix B.

2. PERIODIZING AND LIFTING

2.1. Periodizing functions and domains. To treat 1-periodic in x1 patches, we define the
periodic strip,

II:=[-3,3] x Rwith {3} x R identified with {3} x R. (2.1)

We also define the same subset of R? without identifying its sides, setting

I, == [-1, ] xRC R~

We define the one-dimensional lattice,
L:=7x{0}, L":=L\(0,0), (2.2)
and use the convenient abbreviation

n; = (5,0) (2.3)
for the points in L.

In moving back and forth from functions or domains defined in IT and their periodic analogs
in R?, we view R? as a covering space for II, with the covering map,

p: R =11, plar,22) = (21 — |21+ 5], 22). (2.4)

Definition 2.1. We will often make, usually without comment, the identification of x =
(x1,22) in IT with €x := x = (x1,22) € II, C R2. Such identifications will be done in the
context of periodic functions, so the choice of whether (z1, %) = —(z1, %) in II corresponds to
+(z1, %) in I1, will be irrelevant. Also, for two points x,y € II, we define x—y = p(§x—&y).

For any function f on IT we define Rep(f) on R? by
Rep(f)(x) == fop(x) = f(z1 — 21 + 3], x2).

This produces a 1-periodic in z1 version of the function f on II—a “replication” of f.
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For any QU C II, we also define Rep(Qr) C R? by
Rep(Qn) :==p () = {x € R?: (21 — |21 + 3], 22) € Qu},
and we note that
Rep(Llayg) = Lrepu)-
Finally, for measurable f on R?, we define
Repga (f)(x) = ) f(x —0).
el
The sum may diverge, but if f € L°(R?) then Reppz(f)(x) will be finite for all x € R2.
Moreover, we see that if p(2) = Qg then
Reprz(1a) = Rep(loy).
This also allows us to define
Reprz(Q) := Rep(Qn),
whenever  is a lift of Q7, noting, then, that Repr2(2) does not depend upon the particular
lift.

2.2. Lifting domains and paths. A path in the topological space X is a continuous map
from an interval I to X. Because each of the paths we utilize will be either a closed path or
a path in R? that projects via p to a closed path in II, we define our paths as follows:

Definition 2.2. A (closed) path in the topological space X is a continuous map from the
unit circle T to X. A (quasi-closed) path in R? is a map ~ from T to R? that is continuous
except possibly at one point zg € T, at which y(zo—) — v(zo+) € L. The quasi-closed path ~
in R? is a lift or lifting of the closed path vy in I if po~y = 1.

Lemma 2.3 follows as in Section 2.4 of [4], where it was, however, expressed in terms of

complex contour integrals.

Lemma 2.3. Let vy T — 11 be a finite-length C* closed path in I1 with initial point xo,1 € II.
For any xg € p‘l(xoﬂ) there exists a unique lift to a quasi-closed C* path v on R? with initial
point Xqo. If vy is O then so is ~. For any continuous scalar function f on 11,

/f(’yn(n))lvh(n)dnz/fop(v(n)) v ()| dn (2.5)
T T

and for any continuous vector-valued function v on 11,
[ vtm) At dn= [ voptrin) -+ dn (26)

Suppose that 2 C R? is such that for some Qp C II, p(2) = Qpp and p|q is injective. The
condition that p|o be injective is equivalent to requiring that

QN Q+L7) =0.

This yields what we will refer to as a pseudo-lift of Q7 to 2; such pseudo-lifts are non-unique.

We wish to apply Lemma 2.3 to lift a parameterization «; of each boundary component of
Qqn C Il'in such a way that the boundary components of some pseudo-lift {2 are parameterized
by the lifts of ;. This is not always possible, because the homotopy class of 1I and R? are
not the same (see the example depicted in Figure 1).
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Nonetheless, we can come close enough by following the approach in Section 2.4 of [4]. For
this purpose, it will be useful to extend our definition of a path to allow it to apply to all
boundary components of a domain at once.

Definition 2.4. A chain in the topological space X is a finite collection of paths in X. Let
Y15 -+ -5 Y, be n closed paths in I1. We parameterize the chain by a disjoint union of n
copies of T, so that for integrable f,

fee [ ey dn = > | #emsm)an

Abusing notation, we define the iterated integral,

/T /Tf(‘m(ﬁ),‘m(n))dﬁdn =§zj / / £y (B) v () dB dn.

A chain ~: T — R2 for which p o~y =~ is a lift or lifting of the chain v: T — II.
Let Q1 be a bounded domain in I1 with C* boundary, OS2, with a finite number of boundary
components, I't,--- ,I',,. Orient each I'; so that its unit normal vector m points outward,

and parameterize each I'; by a C' path Ym,; with the property that its unit tangent vector

T =n't 1= (—ng,ny). Define the chain v : T — II as the collection of those n paths.

The following is a re-expression of Lemma 2.10 of [4] (illustrated in Figure 1):

Lemma 2.5. Let Q1 be a bounded domain in II having C' boundary, and let vy T —» 10
be a chain parameterizing 0Q as in Definition 2.4. There exists a bounded connected set
Q C R?, such that for any continuous vector-valued function v on II,

/ V-T:/ (vop)- T, / v-n:/ (vop) n,
o o0 o 15)9)

where T, n are the unit tangent, unit normal vector, respectively (oriented so that (v, T) are
in the standard orientation). Moreover, there exists a lift v of vy to a chain in R? with
image~ C 99, for which we have, as in (2.0),

[v<vn<n>> () di = /y o p(v(n)) - ¥ (n) di = ﬁnepn<v><v<n>> () d.
T T

T

T2 A
,yi
Q > o
Qp ~—
/NQVS N
-1 1 0 1 1 |
2 2 ~_

FIGURE 1. Example of suitable lift of a non-simply connected domain

Definition 2.6. We call ) of Lemma 2.5 a suitable representation of Q1 and v a suitable

lift of ~...
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Remark. In the context of Lemma 2.5, if [ is a continuous scalar-valued function on 11,
it may be that imagey C 00 so fBQn f # fan o p, because, as explained above Lemma
2.10 of [4], when Qr is not simply connected, I may include portions that are vertical line
segments that do not derive from 0Qr (as occurs in the example in Figure 1). By contrast,
in integrating the tangential or normal components of a vector-valued function the integrals
along these line segments cancel in pairs (as they do for the complex contour integrals in [4]).

2.3. Notation and function spaces.

Remark 2.7 (On notation). If f(z1,...,2,) is a function of n variables, we will occasionally
find it useful to write 0;f for the derivative with respect to the 4t wvariable. So, for instance,

For any r € (0,1], we define the space C%"(T) to be the space of fractional Holder contin-

=

uous functions on T, the norm being

£ (B) — f(n)]
[l oy = I poo gy + [ llgorgy, 1l gor (g = sup —=z—"—"
Co(T) L>(T) Cor(T) Cor(T) Botn |ﬁ_,r]|r
When r € (0,1) we also write C"(T) for C%"(T). When r = 1 we get the space of Lipschitz
continuous functions on T, Lip(T) = C%(T), Lip(T) = C%(T).

3. THE CONSTITUTIVE LAW FOR A SCALAR 0

In this section, we present the explicit form of the constitutive law (1.2) in three contexts:
first, for a single compactly supported scalar field #; second for a periodic scalar of the form
Repgz(0) on R?; third, for a compactly supported € in the periodic strip II. The function 6
need not be for patch data—in the process of deriving the CDEs in Section 5, we will then
specialize the constitutive law to the form it takes for patch data.

3.1. Constitutive law for § compactly supported. Let § € L°(R?). In that case, we
can define the stream function v := G“ % 0 for u, which solves

—(—A)"Ep =9, (3.1)
and then set u = V1. Then
u=VH(G*«0) = (VG x 0 = K x4, (3.2)
where,
(076 XJ‘
K%(x) = ViGY(x) = — |X“;+a for e € (0, 1] (3.3)

and K%z) = (2x|z|)~22t. For a € (0,1), K¢ is locally integrable and has sufficient decay
at infinity so that

[allzee < [Ty o) K L2 10l + 115, 0)c K[| o= [0+ < CllOl| L2rpee (3-4)

so u € L. However, K is not locally integrable, and the convolution must be treated as a
singular integral operator. (The case a € (1,2), treated in [8], is even more singular.)
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3.2. Constitutive law for 6 periodic. Now, in place of (3.1), we want to start with 6 €
L2°(R?) and solve

—(=A)'"2¢) = Repga (0) (3.5)
by finding a 1-periodic in 1 Green’s function, Gy, defined on R? so that
v=GS*0, u=Vip=KZx0, (3.6)
where
K{ =V Gy. (3.7)

The straightforward way of obtaining Gy and K is to start with G}, and then obtain K}
as in (3.7). Since ¢ is supposed to solve (3.5), we would expect of G that, at least formally,

(x) = G x Repr2(0) = Z G*xf(x —n;) = Z . G*(y)0(x—n; —y)dy
JEZ JEZ
= Z/ G*(y —nj)(x—y)dy = ZGO‘(- —n;) x0(x) = Gy 0,
jez 'R jez

where n; is defined in (2.3) and

Gy (x) = G%(x) + Z [G*(x — nj)| = G*(x) + Z [Go‘(x —n;) — \ni\a
jEZ* jezr
(3.8)
1 1 1
> (=~ )

Here, we have subtracted |n;|~* to allow better convergence of the sum, but even doing so,
one finds that the sum converges pointwise only if o > % When it does converge, (3.7) gives
the corresponding constitutive kernel.

Since the straightforward approach limits us to the range a > %, we instead take the
approach in [4], which is to first obtain a constitutive kernel K, then from it obtain G7.
So in place of the sum in (3.8) for the Green’s function, we sum in a similar manner for the
kernel K}, writing,

Ko = K 4 H°,
H%(x) := Z K% (x —nj). (3.9)

JET*

(For av = 0, the sum in (3.9)2 does not converge, so in [4], the sum was rearranged to pair the
terms for j and —j. For a > 0, we have sufficient convergence without rearranging the terms,
nor would summing in pairs improve the rate of convergence. Also, for a = 0, the resulting
sum can be viewed as a complex analytic function, which yields an explicit and convenient
expression in [4] for Kg and Gg, but that approach is not available for o > 0.)

Remark 3.1. In our notation, a subscript p indicates that a function is 1-periodic in x1 as
a function on R?, and so also makes sense as a function on II. In (3.9), neither K nor H*
are periodic, although their sum, K7, is periodic. This is a formal statement, but once we
establish the convergence of the sum defining H*(x) we will see that it holds rigorously.
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Since for j > 2|x],

L ac,, C

(x —n;) o
= |x — nj|ott = jlta?

K% (x — ny)| = acq x — nlo+?

(3.10)

for any o > 0, the sum defining H® in (3.9) converges uniformly on compact subsets of
U:=R*\ L%,

where £* = Z* x {0} as in (2.2). Notice that any derivative of K“(x — n;) of order k > 0

decays like C|z|~(*F1+5); then, writing

N
H® = i = Yx —n;
(0) = Jim Hy(x), Hy()= 3 K*(x—ny),
j=—N
J#0
we see that all the derivatives of Hx converge uniformly on compact subsets of U as well. Since
each K%(x — n;) is in C*(U), it follows that H* € C*°(U). Moreover, div K*(x —n;) =0
on U so div HY =0 on U and so in the limit we have div H* = 0 on U.
Now let

U =R*\ {x R || > L, za =0} CU.

Then U* is simply connected and div H* = 0 on U*, so there exists a stream function R* on
U* for H%; that is,

HY:=VtR* R*0)=0
on U™, where we have fixed the value of R® at the origin for uniqueness. We can write the
stream function in the form,

a _ aJ_'T )
R (x)_[ﬂx)(H) dr, (3.11)

where 4 is any C! path in U* from the origin to x € U* and T is the unit tangent vector.
Further, each K%(x — n;) is tangential to any ball B,(n;) centered at n;, and because
K%(x —n;) is divergence-free, it follows that

/ (K%(x — nj))L -dr =0
~
for any closed path ~ in R? for which n; ¢ image~y. From this it follows that

/(Ho‘)l-dT: lim (Hy)' - dr =0

for any closed path « in R? not intersecting £*. This is enough to show that defining R*(x)
as in (3.11) for all x € U provides a continuous extension of R* from U* to all of U.
Finally, we set

G, == G" + R*. (3.12)
Lemma 3.2. If 0 € L3*(R?) then u:= K3+ 0 € L°(R?).

Proof. Let 0 € L (R?) be such that the support of 6 is contained in the ball Bg(0). Since u
is 1-periodic in 1, we can assume that x € II,. Then,

ux)| < Y0 K —ny) #0()|+ Y K- =)+ 0(x)].

JI<2R iI>2R
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But from (3.4),
Y K= mny) +0(x)] < C2R +1)[|6l| pinzee < C2R + 1)) ==,

l7]<2R
and
Z [ K (- _nJ ) * 0(x Z [ ( X_n])HL"O (supp 9) ||9HL1
|7]>2R [7|>2R
ac
< Z ‘1+aH0HL1 <> WHQHU < C2R+ 1)%(|6] .
soor X i>2r W

We have the following bounds on V" R%:
Proposition 3.3. Let a € (0,1). For any x € R? with x5 # 0,

Ra(x):caZ[,l— 5 ! — ]

g Ll @+ (-2

Moreover, for all x € R?\ L*,

C [z2*  if n =0,
V"R* ——+C
| (o)l < dist(x, £*)n+e * {|x2|" if n > 0.

Proof. See Appendix A.

11

(3.13)

(3.14)

0

3.3. Constitutive law for 6 in the periodic strip II. To develop the constitutive law in

II, let us first define convolution on II: If f,g: II — R then

frg(x /fx— y) dy,

where x — y is treated as defined in Definition 2.1.
To work in II, we take 0y € L°(I1) and solve, on R?,

—(=A)""2¢) = Rep(6n)
by finding a Green’s function Gf; defined on II so that
¥ =Rep(Gfi * 0rr),  u =V = Rep(Kff * brr),
where

K& :=vVv+ias.

This process is almost identical to that expressed in (3.5) through (3.7). Indeed,

repeat the same analysis in Section 3.2 on II, we will find that
G, =Gnop, K;=Kpop,

which relies on the observation that K and G} are 1-periodic in .

4. THE CONSTITUTIVE LAW FOR A PATCH

In this section, we develop the constitutive law as specialized to patch data.

(3.15)

(3.16)

(3.17)

if we

(3.18)
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4.1. Constitutive law for a single patch. First, we consider the interpretation of the
integrals in the constitutive law for a single (that is, non-periodic) patch. As in (10) of [14],
we have the following:

Lemma 4.1. Let Q be a bounded domain in R? with C' boundary parameterized by the chain
~: T — R2. Let a € (0,1] and x € R%. If a = 1, assume that x ¢ 9. Then

u(x) = /T G*(x — ~(8))9sv(8) B (4.1)

satisfies the constitutive law in (1.1);.

Proof. We derive this as for the Euler equations (see Chapter 8 of [23]). From (3.2),
u(x) = - K%(x—y)0(y)dy = /QVLGO‘(X —-y)dy.

For a € [0,1), K is locally integrable, so the first equality holds for all x € R%. For a = 1,
as long as x ¢ 042, |x — y| is bounded away from zero for y in the support of 6, and again
the first equality holds.

Integrating by parts, and parameterizing the boundary by arc length, s,

/ BG(x—y)dy = | G(x —y(s)ni(y(s)) ds,
Q o0

SO

u(x) = / (3G (x—y), HG(x—y))dy = | G(x—y(s))n"(y(s))ds
Q o

= |G = (3o (8) ds.
In the last equality, we used that

nJ‘(y(s)) ds = 1(y(s))ds = dzy(B) dp. d

4.2. Constitutive law for a patch in II. We can derive the analog of (4.1) in the same
manner as for a non-periodic patch, giving Lemma 4.2.

Lemma 4.2. Let Q1 be a domain in IT with C* boundary parameterized by the chain ~yy: T —
II. Let a € (0,1] and x € II. If a = 1, assume that x ¢ OQr. Then

u(x) = [ Gix = 7n(8),7m(9) 3 (4.2
satisfies the constitutive law in (3.16), which we can write as
u = _VL(_A)_(I_%)H'Rep(QH)-

Remark 4.3. In (4.2), x — yp(B) is treated as in Definition 2.1, and Ogyr(B) as a vector
in R2. The integral then produces a vector field on II.
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4.3. Constitutive law for a periodic patch. To obtain the constitutive law for a periodic
patch, we have to assume that the patch is of the form Rep(Qy) for some domain in II.
For then, if  is a suitable representation of Qr, the periodic patch will be formed by
replicating copies of Q translated horizontally by every integer value, giving Rep(2), and
those replications will not overlap each other. This leads to Lemma 4.4.

Lemma 4.4. Let Qg be a domain in I1 with C* boundary parameterized by the chain ~y : T —

II. Let Q be a suitable representation of Q and ~: T — R? a suitable lift of yg as in
Definition 2.6. Let o € (0,1] and x € R, If a = 1, assume that x ¢ Q. Then

u(x) = [ Gp(x=1(8)09(5) 3 (43)
satisfies the constitutive law in (3.16), which we can write as
u=VH(-A)"D g 00

Proof. Follows by applying Lemma 2.5 to Lemma 4.2. ([l

5. THE CONTOUR DYNAMICS EQUATION (CDE)

5.1. CDE for a single patch. The CDE for a single patch in R? is developed in [14],
paralleling that for the Euler equations. We can write it, for a € (0, 1), as

Dy (1) = /TGwa n) — (1, )05 (t, ) dp,

where v is a C'-parameterization of the patch boundary.

5.2. CDE for a patch in the periodic strip II. For a € (0,1), Lemma 4.2 leads directly
to a CDE by writing x € 9Qq(t) as x = v (t,n) for some n € T. This yields

Oyu(t,n) = /TG%(’YH(@U) —vu(t, 8)0pyu(t, 8) dB. (5.1)

See Remark 4.3 for the interpretation of the integrand in (5.1) and the expressions that
follow. We note that this derivation is formal; if we assume sufficient time regularity of the
boundary, though, it follows immediately.

For ao = 1, however, the integral in (5.1) is not convergent, since the singularity in Gfj,
which comes from G¢, is like C|n — B|7! in the contour integral, which is not integrable
in one-dimension. Following [25, 27|, since it is only the normal component of the velocity
field that determines the motion of the boundary, we can subtract from the velocity field
Oyrr(t,m) in (5.1) any multiple of the tangential velocity field on the boundary. This is done
in a limiting sense as x — 9dQq(t) in [14], or we can simply do it formally, giving a CDE that
applies for all a € (0, 1]:

Byun(t,m) = /TG%H@, 0) — vt ) @yru(t.n) — Opvn(t. B)) dB. (5.2)

The term 0,vp(t,n) contributes nothing to the normal velocity field, since dgvyp(t,n) -
Isvn(t, n)*t = 0. For a = 1, it eliminates the singularity in Gt that appears in G“ in the
decomposition of G in (3.12). (Also see Remark 5.1.)

Making the change of variables, 8 +— n — 3, we can write (5.2) as

dryu(t,m) = /TGﬁ(’YH(t’ 1) — ¥t — B)) @xyn(t.n) — Byt — B)) dB.
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Or, paralleling (13) of [14], we have Oyyp(t) = Lir(yp(t)), where
/Gnvn — (= B) (O yn(n) — yyn(n — B)) dp. (5-3)

5.3. CDE for a periodic patch. To obtain a CDE equation for a periodic patch, we assume
that we have a solution 8 to a-SQG for which, up to some time 7" > 0,

0(t) = Lrepu(v)

where 9Qq(t) is C*. We then let Q(t) be a suitable lifting of Qpp(¢) as in Section 2.4 of [4]
and let () be a C! parameterization of it.

In light of (3.18), we should expect that the CDE equation for a periodic patch should
have the same form as that for a patch on II. Hence, we simply define the CDE exactly as
n (5.3), now for a curve y(t) in R?, so that 9;v(t) = L(v(t)), where

/ G2 (v(n) — 4(1 — B)) @y (n) — Byy(n — B)) dB.

In the analysis of periodic CDE patches that follow, we will write the operator L more
concisely as,

L(v)(n) = AG;(W))M@) a8,
05(n) :==~v(n) —v(n—p).

Remark 5.1. Subtracting 0,yy(t,n) from (5.1) to give (5.2) was done to remove the sin-
gularity when o = 1. It also plays a critical role for a € (0,1), however, for it allows us to
apply Corollary B.7 to integrate by parts expressions involving the operator L.

(5.4)

6. CDE SOLUTION

Given that the CDEs for a-SQG on II and on R? are essentially identical, so too are the
definitions of a CDE solution. The preparation of the initial data, however, is a somewhat
delicate matter.

Definition 6.1. For a € (0, 1), let Q10 be a bounded domain in the periodic strip 11 with C1
boundary, and let v be a ct pammeterization of 0,0 as in Definition 2.4. A non-self

intersecting chain vy [0,T] x T — II solving 9y (t) = Lit(v11(t)), ¥11(0) = Y0, @8 called
a CDE solution on II to a-SQG with initial patch Q. We also let Qqi(t) be the domain
defined by vy (t) and, in accordance with (4.2), let

un(t, x) = /TG%(X — yua(t, 8) syt B) d.

Definition 6.2. For o € (0,1), let Qo be as in Definition 6.1. Let Qy be a suitable
representation of Qo and vyq: T — R? a suitable lift of yip as in Definition 2.6. A non-
self intersecting chain v: [0,T] x T — R2 solving 9y(t) = L(y(t)), 7(0) = ~o, is called a
periodic CDE solution to a-SQG with initial patch Qo. We also let Q(t) be the domain
defined by v(t) and, in accordance with (4.3), let

ut, x) = /sz<>< —(t, )25 (2, 8) dB.
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Remark 6.3. It follows from Lemmas 4.2 and j./ that the expressions for um, u in Defini-
tions 0.1 and 6.2 satisfy the constitutive laws as stated in Lemma /.2, Lemma 4.4, respectively.
Also, in Definition 6.2, we do not prescribe the reqularity of v (beyond being C') or 9yy in
Definition 6.2 (and similarly for Definition 6.1); the regularity will follow from our proof of
existence (Theorem 11.1), and will require us to explore the properties of the operator L in
some depth.

Although we will not prove it, because we require the initial patch domain in Definition 6.2
to be a suitable lift, v(¢) continuing to avoid self-intersection is equivalent to () continuing
to be a suitable lift. From this it is easy to see that the following holds:

Proposition 6.4. If vy is a CDE solution vy on [0,T] x II as in Definition 6.1 then v as
given in Definition 6.2 is a periodic CDE solution. The converse holds as well.

7. CDE SOLUTIONS ARE WEAK SOLUTIONS

In this section, we show that a periodic CDE solution « as in Definition 6.2 gives a weak
a-SQG-patch solution to a-SQG as in Definition 1.2.

Proposition 7.1. Let a € (0,1] and suppose that (u,0) are such that 6 € L°°([0,T] x R?)
is of the form given in (1.6), where O(t) has C* boundary for all t € [0,T), and u satisfies
the constitutive law, u = K+ 0. Then Repg2(0) is a weak periodic patch solution of a-SQG
as in Definition 1.2 with initial scalar Repg2(6p).

Before proving Proposition 7.1, we give its main application:

Corollary 7.2. Let ~v be a C! periodic CDE solution to a-SQG as in Definition 6.2, let
0(t) = Lo, and let u be given by (4.3). Then Repgz(0) is a weak periodic patch solution of
a-SQG as in Definition 1.2 with initial scalar Repgr2(6p).

Proof. From Lemma 4.4, u = V+(=A)~ (- )RepRz(G) = K, = 0; thus, u is as appears
in Definition 1.1 for the scalar Reprz2(0). Then (u,#) satisfy the hypotheses, and hence
conclusion, of Proposition 7.1. U

Proof of Proposition 7.1. Let ¢ € C1([0,T] x R?) and define, as in (1.5),

T
= / Repgs(0(1, %)) [0 + u(t, x) - Vo(t, x)] dx dt.
0 R2

Moreover, u = K3 6 € L>([0,T] x R?) by Lemma 3.2.

From Lemma 7.3 below, we can see that u has a measure-preserving flow map, X : [0, 7] x
Reprz(o) — Repr2(2(t)), with X (¢,-) € C°(Q(t)) for all ¢t € [0,7]. Being a flow map
means that u(¢, X(¢,x)) = 0, X (¢,x) for all x € Repgz2(Q).

Write D/ Dt for the material derivative with respect to u, so (D/Dt)¢(t,x) := Oyp+u(t, x)-
Vo(t,x). Because X is measure-preserving, the change of variables x = X (¢,y) has Jacobian
determinant 1, so, proceeding as on page 334 of [23],

o(t,x) dx dt = / / o(t, X (t,y))dy dt
/ dt AEPRQ (22(t)) dt Repg2(Q0) ( ))

/ / o(t, X(t,y))dy dt = / / —(ﬁ(t y)dy dt
Repg2 (Q0) dt Repg2 (2(t)

D
— /0 o Repr2 (G(t, X))Dt¢(t’ X) dx dt = I.
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We brought d/dt inside the integral using Theorem 2.27 of [11]. But also,

/ d /Re” 2( ot et = /RepRzm(t)) (9Lt %) = #(0,x)] dx
= /]R2 [(Repr2(0(t))d) (¢, x) — Repre (6o(x))$(0,x)] dx,

showing that Reppz(0) is a weak solution with initial scalar Repgz(p). O

Remark. We know from Remark 7./ that Vu(x) becomes infinite as x — 9€; nonetheless,
the Jacobian det VX (t,x) = 1, and that is sufficient to obtain equality in the integrations we
made in the proof of Proposition 7.1.

We used Lemma 7.3 above.

Lemma 7.3. Let o € (0,1]. Suppose that Qr is a bounded domain in I1 with C' boundary
and §) is a suitable representation of iy as in Definition 2.0. Let § = 1o and u = K x 6.

Then u € C*(Rep(S)) and u € C“(Rep(Qn)C).
Proof. First assume that o € (0,1). Then

u(x) = Ky(x— y)dy = / K*x—y)0(y)dy + HYx—y)0(y)dy. (7.1)
R2 R2

Assume that x € Rep(Q1). Then x —n; € Q for some j € Z, but x — ny ¢ Q for any
k # j. Since u is 1-periodic in 1, we can assume, by translating {2 by mn;, that x € Q and
x —ny ¢ Q for all k& # 0. Hence, H*(x —-) € C*°(Rep(Q1)), so the second integral on the
right-hand side of (7.1) is in C*°(Rep(Qrr)) with, for any multi-index &,
L DF e c)8(0) | < IDE = ol < CC6)

Let r = dist(x0, 02). Then for x € B,(xo),

v(x) = K“(x—y)@(y)dy:/ Ko‘(x—y)dy—i—/ K%x—y)dy
R? By (x) - (x)C N0

= / K%x—y)dy.
Br(x)¢NQ

We used here that K¢ is radially symmetric, so the integral over B, (x) vanishes.
Then,

oiv(x) = / OiK%(x—y)dy
r(x)CNQ

1
—I—hm[/ Ko‘(x—y)dy—/ K%x—y)dy
h—=0 h | J B, (x+he;)CnQ B, (x)CNQ

=: W1( )+W2( )

But,
[wi(x)| < [[0:K%(x — )| L1y < C(I§], dist(xo, 012)),
and

|B,(x + he;)AB,(x)| = O(2nrh)
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as h — 0, so

[wa(x)| < lim [K%(x —y)|dy
h—0 BT(erheZ)ABT(x)
acy C C
<1 2rrh)————mF— < — = ——————.
ﬁgéhcx ) e S ve T dist(x, 000

Although this bound on [9;v(xg)| blows up as xo — 0f2, we do have that v and so u are
in C'(Rep(Qn)). Taking higher derivatives, we see that u € C°°(Rep({1)), and a similar
. —C
argument gives u € C*°(Rep(Qr1) ).
The proof for o = 1 is essentially the same, except that the integrals must be considered
in the principal value sense. O

Remark 7.4. For a = 0, Bertozzi and Constantin in [6] use their geometric lemma to show
that Vu € L®(R?). Their argument relies on VK°(x), which acts as the kernel of a singular
integral operator, integrating to zero over circles centered at the origin. That property fails
to hold, however, for VK®(x) when o € (0,1): in fact, Vu(x) blows up as x — 9f.

8. REMARKS ON THE PERIODIC GREEN’S FUNCTION

The fundamental difference between our setup and that of Gancedo in [14] is the Green’s
function—G* in [14] versus Gfj or G} in this paper. Gancedo, who always writes the Green’s
function explicitly for a € (0, 1] as ¢, /|x|%, takes advantage of the following key properties:

(1) G* is singular only at x = 0, where G(x) ~ |x|~*.
(2) G*(—x) = G*(x).

(3) G*(x) = G*(]x]); that is, G* is radially symmetric.
(4) G*(x) is bounded (in fact, decays) as |x| — oo.

These properties are most critical in the analysis of the CDE, where they appear in two
forms:

Gy (v(8) —v(n)) and Gy (v(n) —v(n — B)) = G, (65(n)),

where d3(n) = v(n) —v(n — B), as in (5.4). In both cases, these factors appear in the
integrand, with n, and in the second form also S, integrated over the domain, ']T:, of a chain
~. Gg‘(x) has a singularity like |[x — ny|™ at each lattice point n; € £, but as long as v is a
lift of the boundary ~y; of a domain in II, the arguments of G} above will encounter only the
singularity at n = 3. Otherwise, two points on « would differ by a lattice point n;, meaning
that v could not be a lift. Hence, in effect, we maintain property (1), at least in principle.

We have (2), but we do not have property (3). In [14], property (3) (which implies property
(2)) is used to conclude that certain integrands are perfect derivatives, so their integral over
a closed curve vanishes. The first use is to demonstrate, as part of bounding the H? norm of
~, that, supposing 9y = L(7),

d
prialC g = 2(3(8), L(%(2)) = 0. (8.1)
Gancedo starts by using property (2) to obtain

5Oz = [ [ G260)0,8500) -85t as
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He then uses that
//G“ 55(1)0,85(0) - a(n) didn =5 [ [ 85| 0,165 s

(m)]*~*dndp =0,

2 —

since the inner integral vanishes because the integrand is a perfect derivative in 7.

The first part of this argument works in our setting as well since it uses only property (2),
but the second part—which requires that G(x) be radially symmetric, the specific form being
unimportant—ifails in our setting.

Property (4) is used implicitly in [14], but we will need to account for the lack of decay of
Gg‘, as evidenced in R® in Proposition 3.3. Because we assume that the patch at time zero
is compactly supported in the vertical direction, we can control the growth of the patch, as
the growth of R“ is only in the vertical direction.

In adapting the arguments in [14], we use the decomposition Gy = G* + R®, and bound
the terms involving G* separately from those involving R%, since they succumb to slightly
different techniques.

As the patch boundary evolves, the singularity in R“ at points in £* must be avoided. To
do this, we will modify in Section 9 the function F' that Gancedo employs to measure the
self-intersection of (one component of) the patch boundary.

Furthermore, because we allow patches to be multiply connected, we must also control for
two boundary components evolving to intersect. We do this at the end of Section 11.3.

9. MEASURING SELF-INTERSECTION

The initial data we consider for the patch boundary is smooth and non-self-intersecting.
In addition to maintaining regularity at positive times, we must demonstrate that we main-
tain the non-self-intersecting property at positive times. This is a feature of all existence
theories for water waves, vortex sheets, and vortex patches, although the need for a non-self-
intersection condition is sometimes obviated by considering the simpler geometry of graphs
rather than general parameterized curves. In the general setting, following Wu’s work on
water waves [29], we enforce the chord-arc condition both on the initial data and at positive
times.

As the first author explains in some detail in [3], there are two primary ways of controlling
the chord-arc quantity at positive times. The approach of [3] and other works by the first
author relies mostly on continuity: since solutions initially satisfy the chord-arc condition,
if the time derivative of the chord-arc quantity is bounded, then the condition continues to
hold for some positive time interval. The approach taken by Gancedo in [14] and in related
works instead directly estimates the L*>°-norm of the chord-arc quantity, by taking the limit
of LP-norms as p goes to infinity.

In the present work, we take a mixed approach; since many of our estimates are analogous
to estimates of [14], we begin by introducing an analogous quantity, F, adapted to our periodic
setting, for which we will make estimates of the L°°-norm. A significant difference, however,
is that in the present work there are n boundary components of our patch/ layer regions, and
we must also measure how near different components come to each other. For this, we will
follow [3] more closely, in that we will rely on the fact that initially the boundary components
are separated by a finite distance, and that their velocities are bounded.
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We now proceed to describe the chord-arc quantities for individual boundary components,
analogously to [14]. We will bound the distance between distinct components when the time
comes, specifically, in Section 11.3 below.

We define a function F' much as in (16) of [14] that measures, inversely, how close to self-
intersecting a path ~ is. Letting 83(n) = v(n) —v(n — B), as in (5.4), for a given C* path ~
in R?, define the functions F, Fj: [-m, 7] = R,

18] if B0,
Fo()(8,m) = § 1950 I
oAm A=

1
Fi(v)(8,m) = [85(n) —my| for j € Z7,

F(v)(8,n) = rjnggﬂ(v)(ﬁ,n)

As long as v is non-self-intersecting, F} is continuous for all j > 0, with Fj(y)(—m,n) =
F;(v)(m,n). We have the simple bound,

1
dst(@s(n). L) Eré%{fF( Y)(B,m) < F(v)(B,n). (9.2)

Moreover, d3, Fj, and F naturally extend to apply to a chain ~.

Remark 9.1. First, we note that although we do not label them as such, we actually have
one such F quantity for each of our n boundary components. This will not be critical, as we
bound all of them in the same manner. Next, we remark that the functions Fj, for j € Z*,

are naturally defined on ’JTQ, but Fy and so F' are not. To make Fy properly defined on ']TQ, we
could replace || in its definition by |sin(5/2)]. We use |5|, however, to more closely align

with [14]. This will force us to use a specific parameterization of T by B € [—7, 7], though we
will not point this out in every instance in which it arises.

9.1. Bounding derivatives of G} (d3(n)). We will now put the chord-arc quantity F' to
use. We have the following, where repeated indices are implicitly summed over:

0,Gy (85(n)) = 095G (85(1)) Dy (),
;G5 (85(n) = Gy (85(n))0y8%(m)Dy85(n) + 0; Gy (85(n)) ;6% (n),
05Go(85(n)) = jkeGy (85(1)) Dy 8% (m)0y8F ()9, 85 (n)
+ 03k Gy (85(n)) [076%(m)0a8%(n) + 0,05 (m) 0385 (n)]
+ 051Gy (85(n))0; 8% (m) 0,85 (n) + ;G (85(n)) Dis% (m)
= 010G (85(1)) Dy 8%(1) Dy 85(1) D, 85 (m)
+ 30,k G5 (85(n)026%(1) 9y 85 (n) + ;G5 (85(n))956% (7).

More generally, we can write, for & > 0,

(5
(5

« a 4
G (85(n) ZWG (Bs(n) - D ;01 85(n) @ -0y 85(n), (9.3)
J=1 leVyy,

where each c; is a positive integer and, for j < k,

Viei={0e{l,.. kY i+ -+ 0=k}, Voo=1.
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Setting m,, = 2 if n = 0, m,, = n if n > 0, Proposition 3.3 and (9.2) give

C
V"R*(d < — +C|é mn
V"B G50 < s 2y Ol o
SCEFEMB"™ +ClvlTs
Define
So(8,m) = So()(Bm) := (F()(B,m)" + II7lZ2,
- iy - 9.5
SulBom) = Sun) (Bom) i= 3 [(FO) (B0 + vl2] (5:5)
j=1
for n > 1. Then (9.4) gives
ZNJR"‘ 85(n)| < CSa(B,n) for n > 0. (9-6)
7j=1
The derivatives of G* are simply bounded in terms of F':
n+ao F(’y)‘ n—&-a_’
c By c EO e )
V*"G*(d5(n))| < = ( <C———=. 9.7
VGOSN S s =gl g SO B 7
Then (9.6) and (9.7) give
M., R -
V"G50 < Ot + 1S ey < C—gia s 99)
and thus,
k
o j Yo ;
04G5 (s(n)| < CY_IVIGR(85(m)] D 10,1 85(n)| -~ 0y 85(n)|
j=1 levy,
e [P, g .
<C Z — e ISy | D0 1008501107001 (9.9)
J=1 leViy,
5
< OS5k e TZ)Z e 2 10 sl 9765
EEVJ/IC

10. ESTIMATES ON THE CDE OPERATOR L

In this section, we obtain a number of estimates on the operator L of (5.4). We give as many
of these estimates as possible for all « € (0, 1], even though a workable version of L for o = 1
involves a second term and a “constant speed” parameterization of -, as done in [14]. But
first, we establish a symmetric property of L in Proposition 10.1.

Remark. In what follows, we bring derivatives inside integrals over T and integrate by parts
on T. These are all justified by applying Lemma B.5 and Corollary B.7 to the estimates that
follow these procedures, though we will not always state that explicitly.

Proposition 10.1. If v is a quasi-closed H"(T) chain in R? for n > 4 then for all m < n,

(074,00 L)) gz = //am G2 (85(1))00B5(n)) - A8 5(n) dB dn. (10.1)
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Proof. Using
p(B;n) ==~(B) —v(n),
write the operator L of (5.4) in the form of (5.2):

L) = /TGﬁ(u(B,n))azu(ﬂm) a5, (10.2)

Recalling the definition of iterated integrals in Definition 2.4, we apply 9;" to both sides
of (10.2), take the scalar product with 9;"v(8), and integrate over I to give

(O O L (7)) 2 = /T /fa:r (G2 (1(B, 1)) oga(B.1m) - Oy () dB
_ /T /Ta:r (G2 (1, B))ogan, B)) - Oy () d B
. /T /Ta:? (G2 (1B, m)Dups (B, m)) - O () i d.

In the second equality, we simply switched variable names 7 and [, while in the final equality
we used that Gy (—x) = G5 (x) and p(n, 8) = —p(B,n). Taking the average of the second
and fourth expressions, we see that

(L =5 [ [ o (G (s, m)den5m)) -0 (B dpan. (103

Now let dg(n) :=~(n) —~v(n— B) as in (5.4). Making the change of variables, 5 +— n — f,
but leaving 1 unchanged, using that ~ is quasi-closed and that 0263(n) = 9,05(n), (10.3)
becomes (10.1). O

Proposition 10.2. Let o € (0,1] and define the operator L as in (5.4) (even for a = 1).
Let v be an H™(T) quasi-closed chain in R? for n > 3. Then

ClSm ) ey Ts sy @ € 0,1,
OIS ety Sy 1M sy =1

holds for allm < n —2 and, if « € (0,1), form=n—1 as well.

10 LV o) < Am(.@) =

Proof. We have,

L) = [0 (G5 (65n)0,85(n)) ap

=2 (7};) /T.8$<Gz<6ﬁ<n>>a$"““65<n>> ap.
k=0

From (9.8), and applying Minkowski’s integral inequality,

M| oo 2
I | gmt 55 ()] dB,

S0 (~
G650y 85l < € [ .01
and, using (9.9), for k > 1,

105 (G (85(m) Dy~ 185 (n))l| 2
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m— Z;
< ClISily HMZZ /W\a 85| 3 108850 -+ - 105 5(n)| dn.

fEVJk

If m <n—2and o € (0,1] then, observing that the highest possible value of I; for £ € Vj;, is
k — 7+ 1, and applying Lemma B.10,

19 Ga(%( )8 5(m) 1z

CZHSk M po0 (72 /‘/BPMHW 85 () |z I8l i1 1811555 1,0 45
7j=1
k .
817+
< OWSm N ooy | IVllzmer + D Il zrmse2 [ griseo v Ipasss [ g | 4P
7j=1

< ClISmN | oo g2y I armsr + (¥l zpm—ss [Vl s 111 ke

k
< NSm (N oo 22y [||~/HHm+1 +I1vll5ie] -

Hence,

m

10 L) oty < 15 H) e Z( )[\|v||Hm+1+|v||’;;£2}
k=0
m+1

< ClSmV oo (72 Z \|7|!Hm+2(T

In applying Lemma B.10, we used the bound Hd/gHkajH,oo < YN grr—ies| Bl < 7] ez | Bl
to obtain the factor |3]7*! to fully cancel the singularity in the Green’s function when o = 1.
For o < 1, that is not needed, so for m < n — 1 and « € (0,1) we can instead apply the
Lemma B.10 inequality, |03 gr—i+1.00 < ||¥||gro+1, giving

m+1
10 L 2y < CllSm (W] o2y Z”V”HWH(T 0

Proposition 10.3. Let a € (0,1] and let v be an H™(T) quasi-closed chain in R? for n > 4.
Then

CIST N oo iy IV a3l Y132 if v € (0, 1),
‘(87;77871L<7)>L2(T)‘ < Le=(T%) 5 o
NS il 912 Fa=1

and, if a € (0,1), for all3<m<n—1,
m+2 )
’(a:]n%a;nL(’Y))Lz(f)‘ < HSm<’Y)HLoo(T2) ZH’YH] m (T)

Proof. To bound |(0y7y, OpL(~y ))LQ(T)L from Proposition 10.1, we have
(O 0,L0) sy = [ G (B0)0,85(0) - 85(0) d

— 3 [ Gssmsstn -ssmin =1 [ a,G5Gstmisstaan
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where we integrated by parts using Corollary B.7. This is as in [14], where the integrand is
a perfect derivative, making the integral vanish. As we observed in Section 8, the integrand
is not a perfect derivative in the present horizontally periodic setting, so we are forced to
obtain a weaker bound.

From (9.9) for k = 1, we have

1 (e}
v Ll < 5 [ 10,63 @65 dnas
1
< IS oy [ s 10 [ 5
We now apply Lemma B.10. If « € (0,1) then

B
o1 L) 22| < ISl oo e [ 2

dp

= OISt oo ¢y [V | 13 1Y 72

If a = 1, this integral does not converge, so we apply Lemma B.10 differently, finding instead

El§
7 |8+ w

(v L) 22| < CUSLAN oo (29 [V 2 1717

= CUSH N g 221
Next we establish the bound on |(9;"y, 9" L(~y ))LQ(T |. From Proposition 10.1

OOy L)ty = 5 [ [ 00 (G5 @am)O,8a(n) - 0 85(n) dB

=32 (%) [ fowasco- ot s 19,00 inas

We wish to obtain a bound using only the H™-norm of ~, but in the & = 0 term, 8,’7"*1“*165(77) =
9" 183(n). That term we integrate by parts using Corollary B.7:

1
3 | [onaatn - Gi@amay 18 dnds
1 1
= 4/T/TGS(%(n)anlaﬁéﬁ(n))Pdndﬂ: —4/TAanGg(ag(n)yaglaﬁ(n))yQdmw
1
= _4/T/Taﬁn5ﬁ(n) - 0n G (85(n)0y d3(n) dn dp,

which is a constant multiple of the k¥ = 1 term in (10.4). Hence, using (9.9), we have

(10.4)

@ .07 L(0) | < O [ [ 10785110 (B0 65(n)] dnap
k=1 TJT

m k
< ClSmN gy 22 D Pos

k=1j=1 jey,,

where, for £ € Vi,

1 m m— 1 £
= | | toysmliog 1850 85(n) -+ 0 85(n)| ap .
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As long as ¢ < m — 1, we can use Lemma B.10 to bound the factors |8i d5(n)| appearing
in Pz either in the L> or L? norms; for i = m — 1, we can only bound \82 0p(n)| in the

L? norm, and for ¢« = m we must bound |8}755( )| as is. Since there is always at least one
|07'05(n)| factor, there are four cases to consider:

Case 1: All but the one factor |9,"d5(n)| in P, ;i are of the form |8’65( )| for i < m — 1.
Then

1 2 m m—
ijgéﬁW||a£156(77)HL00“'H3n d3(n)]| Lo /Jan S5(ml|oy "8 5(n))| dndp

< Clv I / mwwnwm vl 1818 = Cll 2.

We note that this bound would hold for o = 1 as well.

Case 2: P, contains two factors of 9;"3(n). There are two terms of this form: (1)

k=j=1, Wh1ch also has one factor of 9,05(n) and (2) k = m, j = 1, for which the inner
sum has only one term, which contains m factors of 9,0 3(n). Using |0,,05(n)|r < C||v| g2]5]
by Lemma B.10, we bound P,  for (1), (2), respectively, by

1 m
Py < Cllvll g2 /T WHQIBI /ﬁa” ds(m)|*dndB < Cllvllu2llv 1 Em,
1 m
B < Cllv[ g2 /T |B|m+a|'8‘m/ﬁ;|a77 d5(n)|* dndB < Cllyll7pllv 1 Fm-

Case 3: P, ;; contains one factor of oy’ /3( ) and two factors of am—l(S 3(n). Those two factors

cannot both come from |8f;1 dg(n)|--- |8,7 03(n)|, since £y + --- + £; < m, so it must be that

m —k+1=m — 1, which requires that £ = 2. But then |8f;155( IR \8,7 03(n)| can contain
no factor with a higher derivative than ]8%5 3(n)|, and that only when j = 1. So this case can
only occur when m = 3, so that 2 =m — 1. In this case,

P [ | mw\@“”éf n)I[6285(m) 110265 (n)| dn dB
<Clals [ ysa 0B85 0)103650n)| dnds
T Bl Jx
1 :
< Cllyllas /T WH%‘S/JB(WHL%||573;56(77)HL2, dp
1
<l [, 18148 = Cllvls < Clprle.
Case 4: P 7 contains one factor of 9,6 5(n), one factor of 8"~*3(n), and all other factors
are of the form |0265(n)| for i < m — 1. This occurs only when (1) m > 3 and k = 2 or (2)

j =1,k =m—1. For (1), the bound is the same as in Case 1. For (2), it must be that
fi=m—1, so

1 m m—
Prai< [ e O3s@lie [107asmlon6sm)]dnds

1
< Clm /T e 91 48 = Clirl,
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a bound that would hold for a =1 as well.
Combined, these four cases give the bound on [(9)"7, 8}771L(7))L2(1—f)]. O

Proposition 10.4. Let o € (0,1] and let v, and 5 be H*(T) be quasi-closed chains in R?
forn = 3. Then for any r € (0,1),

Ag(v,a)lm —m2|  if a €(0,1),

[L(v)(m) = L) ()] < {Al(% Dim —m|? ifa=1,

where Ay and Ay are as in Proposition 10.2. If a € (0,1) then

[ L(v1) = L(’YQ)HB(T) < Bi(v, 2l — Yallars

where

2
Bi(y1.72) 1= ClS0(r2)l| gy + € D181 (05l oy 1 22 + Collva 0
j=1

Define p: [0,00) — [0,00) by u(0) =0 and

p(z) = {;/e: g Zi ; 2_1 (10.5)
If o =1 then
IL(v1) = Lyl g2y < Ba(vn, v2)ulllvy = vallan),
where

2
1—-1
By (v1,72) = Cn%aQXH’Yj”Hse ”SO(’Yz)HLoo(q?z) + CZHSl(’)’j)HLw(T2)H’hHH?
b j:l

1—1
+ Collv1 [ s max|v;ll -
Proof. The bound on |L(7y)(n1) — L(7)(n2)| follows from Lemma B.10 for « € (0,1) and from
Sobolev embedding for o = 1.
Defining
8% (n) = v;(n) = v;(n — B,
we make the decomposition, L(7y,) — L(7y) = P; + P> + P3, where
P = [ 6@, [5hn) — B3 (m)] ds.
P = [ [R*(8hn) = Ry (831)] 0,8} ) B

P, = /T (G (85(m) — G(83(n))] D,85 () dB.
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Now,
18,85l < 2018y v1llz2 < 2lv1 1,
165(n) — 822 < v () = v2)llL2 + [Iva(n = B) = va(n = B2
< 2[lv1 = 7allze, (10.6)
10,165(n) — 82112 < 105[v1(m) = Y2 ()l 22 + [10y[v1 (0 = B) = va(n = B)]l2
< 2[lv1 = vallm-

For ao = 1, we will also use
105(m) — 85(n)| < 185z + 183(m) L < Cmaxly;ll=|5],
105[85(n) — 85 (M| < 11085 (n)l| e + 1085 (Mo < C maxly; sl B,

by Lemma B.10. Thus, by interpolation, for any r € (0, 1),
165(n) — 85 2 < Cmax|ly;ll" v = Yall7 18"
’ (10.7)

109[85(n) — 85 ()]l 2 < C max|ly; " v = Yol B

Using (9.8) for n = 0, and applying Minkowski’s integral inequality, for « € (0, 1),
1Pl < [ IG30)0, [85n) — 83n)] 1 a8

< /T,HGS(‘S%(”))HL;]”WU [85(n) — 85(n)] |l 2 dB

Ca

S2[F ()2 llve = Y2l
2= R S 1l

48 < C11S0(v2)l ey 11 — 2l

For v = 1, we use instead (10.7) to give

_ 18]
[Pz < CH}%XH'VJ'H}{STHSO('YQ)HLoo('@)H71 — Y2l = 1] dp
1— llv1 — 72“7}11
< CIHI%XH7j||H3r||5’0(72)||Loo(T2)71 —

For P, we have for any « € (0, 1],

_ |R2(85(n)) — R*(85(n))]
165(n) — 85(n)]

< HVRaHLoo(supp(afg(n))uSupp(csg(n))\523(77) —65(n)|

< ClIST (YD) oo g2y + 181 (Y2l Lo (20| 185() — 85 ().

|R*(85(n)) — R*(63(n))] 165(n) — 65(n)

Hence,

2
1Pallzs < C S 081w o o 1965 () | e 18 — 6211
j=1

2
< OIS ) iy I izl — 2l
j=1
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This leaves P3. Applying the inequality (see (27) of [14])
la® — b*| < amin{a,b}* ' |a —b|, Va > 0,b >0,
we have

‘ ca | _ \%(n)l‘“—!%(n)l“
N O T R W O HOIR

(!t%(n)l)a_(l%( )\)a( 18| )a( ] >a|m_a
18| 16l LE] |65 (n)]

|G*(85(n) — G*(85(n)

= Cq
(183|185 " |[83 ) o
gmln{ ’fm , ’fm } % ‘ H!BI ”FHLOOTQ
C > \*71 62
<H11;2n( Cage m\) ﬁﬁ(”)\— ) ]|rm-“HFmuzw(@)uFm>|raw(@)

< Cminll131183(0) — SH OB F ()% g 1 (v [

= Col6%(n) — ()18~

where we used the reverse triangle inequality.
For a € (0, 1), we then have

1
I1Pslzz < o | gy 1000}~ 193r) — 8h0n) 5,45

18|
< Collvillmslly: = '72”L2/|B’1+ad/6 Collvillasllvi = 2llze-

For a = 1, we apply (10.7), so that, for any r € (0, 1),

1 _ -
P3| < Co/fwm!\anf%\m Hlla“XH’Yj”}-er'Vl = 7allpalBI " dB

1—r ’/8|1+1 "
< Gl el =l L

< Collvallzrs maxlly; " ——

Combining these bounds and applying Lemma 10.6 below for o = 1 gives the bounds on
||L(71) _L(72)HL2(T)- U

Remark 10.5. We can parallel the argument in Proposition 10.4 that led to the bound on
IL(Y1) = L(¥2)ll 23y to show that |L(v)(m)—L(y)(n2)| < Cpllm—mn2l). Since p is a modulus

of continuity for log-Lipschitz functions, this means that L(7) is log-Lipschitz continuous
along the boundary.

We used the following lemma above.

Lemma 10.6. Let a > 0. Then

min

a”  |—ealoga ifa< et
refo,1) 1 —r N

1 ifa}eil
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Proof. Let f(r) := la_r,r. To find the minimum of f, set

(1 —r)(loga)a” + a”
1—7r

0= f/(T') = )
which occurs when 1 —r = —1/loga, so r = ro := 1+ 1/loga. To have ry < 1, we must
have a < 1, and to have ry > 0, we must have 1/loga > —1; that is, a < 1/e. This gives a
minimum value,

aH_lOélta 1 loga
flro) = — = —aas loga = —aele* loga = —ealoga.
" loga
Otherwise, the minimum value of f(r) occurs at r = 1 with a value of 1. O

11. WELL-POSEDNESS FOR « € (0, 1)

In this section we prove the existence and uniqueness of a periodic CDE solution (as defined
in Definition 6.2) for a € (0,1).

—

Theorem 11.1. Let a € (0,1), and let Qo and vy € H™(T) be as in Definition 6.2.
There exists a time T > 0 so that on [0,T] there is a unique periodic CDE solution vy €

C([0, T]; H™(T)) with 8y € C([0, T]; L>®(T)) N L>(0,T; H™(T)) for which ~(0) = ~,.

We will adapt the proof of this same theorem for a single compactly supported patch as
given by Gancedo in [14]. In outline, the steps in the proof are as follows:

Step 1 Assume that ~ is an H™*(T) chain in R? and bound (~, L(7))Hm(f)'
Step 2 Givenv € C1([0,T7; H™(T)) solving 8y = L(~), obtain a bound on ||F(’y(t))||Loo(T2
in terms of itself and ||7y(t)

)
g -

Step 3 Given v € C*([0,T]; H™1(T)) solving 8y = L(v), combine the bounds in Steps 1
and 2 to obtain a uniform bound on H’Y(t)HHm(T) + HF(’y(t))HLOO(TQ).

Step 4 Regularize the CDE (5.4) for a periodic solution 4¢, and show that the bound in Step
3 applies to v¢. Apply Picard’s theorem to conclude that a unique solution v¢, € > 0,
exists up to the time T at which the L® norm of F(~4¢) becomes infinite, thereby
obtaining a uniform-in-¢ bound, 7%, on T7.

Step 5 Show that some subsequence () converges to a periodic CDE solution « for some
T > 0.

Step 6 Show that any periodic CDE solution is unique.

In the subsections that follow, we give each step of the proof.

11.1. Step 1: Bounding (v, L(7))gm. Because

[SIE
[SIE

k
(1) + 1051255 ) and (STl 5
=0
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are equivalent H k(']f) norms, and similarly for the inner products, it follows from Proposi-
tion 10.3 that

m+2

en L)m] < W) ety D oy (11.1)
j:

11.2. Step 2: Bounding HF(’Y(t))HLoo(ffz)-

Proposition 11.2. Let a € (0,1) and v € C1([0, T); H™X(T)). For all j € Z,

IF Oty < IO gy + | A2IF D e (11.2)

where Aa(s) = Aa(y(s), ) is as in Proposition 10.2. The same bound holds for F in place
Of Fj.

Proof. Let f;(8) = |B| if j =0 and f;(8) =1if j # 0. Applying Lemma B.8,

d L)\

G =5 [ L( M) dndp
_ ”j)‘5t56(77)d d
- p//fﬂ |65 0 —ngz 9

<o [ [0 (E20) asamimas

—p /T /ffjw)—le(ﬁ,n)rataﬁ(n)rdndﬁ.

But, by Proposition 10.2,

|0:d5(n)| < sup 10¢y(n) — Oy(n — B)
neT 18]

Then, since f;(8)7!|8] < 1 for all j,

L1681 < Aa(v, @181

PUEI e SIS iy = NS,
< Cp/T/TAQWIfj(ﬂ)1Fj(ﬁ,n)p+1 dnds < CpAs| B0,
< OPA|Fj| oo ) 151 )

SO

d
%HFjHLp(qu) < CA2HFJ'HLoo(q‘fz)HFjHLp(q'f2)-

Integrating in time gives

t
VES ) gy < 15O oy + € /0 Ax(S)1F () | e g 15 (5)] o) s

Taking p — oo gives (11.2), and taking the maximum over j gives the same bound for F'. [
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11.3. Step 3: Combining the bounds. We use P, to stand for a polynomial of degree n
with P,(0) = 0 having nonnegative coefficients (so P, (x) is increasing for positive x).
Let v € CY([0, T); H™Y(T)). Then 8y = L(7), so it follows from (11.1) that

d
a”')’( )HHm(T) CHS (v )HLoo(qf2)Pm+2(||’7HHm('fr'))7
and integrating in time,
YOy < IOy + € / 1SV () e oy Pt (1Y) gy ) . (11.3)
Letting
S() = IF YO ooy + YOI 5
we add the bounds in (11.2) and (11.3) to obtain,
S(t) < S(0) +C / 1S (V) e 2y P2 (17(5) o)
+ As(s )llF(v)(S)ll2m(f2

(11.4)

)] ds.

We see that
[1Sm (Y () oo 2y Pt 1 (Y ()| g (7)) S o1 (S(8)) Prn2(S(5)) = Pam:3(5(s)),
As()[F (V) ()] o 2y < P3(S(5))P2(S(5)) = P5(S(s)).

Hence,

50 <50+ [ ' Pansa(S(s)) ds. (1L5)

It follows from Osgood’s lemma, Lemma B.12, that

/S(t) ds
—— < t.
s©) Pom+3(s)

This gives an upper bound on S(¢) and a lower bound on the time 7% up to which S(¢)
remains finite.

Although it is not necessary, we can obtain a more explicit bound by considering cases.
For S(0) > 2, we need only obtain the bound under the assumption that S(¢) > 2, in which
case s > 2 in the entire integrand. We can see, then, that on (2, 00), for some constant C' > 0,

C
752m+3 < P2m+3(8) < 052m+3

2
SO
/S(t) ds < 1 S(t) 2mes g 1 1 B 1 <
s©) Pem+3(s) ~ C Js(o) (2m +2)C LS(0)2m+2  S(t)2m+2
1 1 1 1

—

S(0)2mF2  §(f)2m+2 < (@2m+2)0t =

1
5(0)-2m+2 — (2m + 2)Ct’

S(t)2m+2 > S(0yzm+2 (2m +2)Ct

— S(t)m+2
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which is possible if and only if S(t)~2"+2 > (2m + 2)Ct; that is, up to t < T*, where

1
©2m +205(0)2m+2’

*

(11.6)

It is not hard to see that this bound improves for S(0) < 2, and hence this bound serves
as an overly pessimistic lower bound on the time of existence for all S(0) > 0. Moreover, up
to any T' < T*, we have the energy bound,

_1
1 2m+2

0)-2m+2 — (2m + 2)CT

Olmsy + PO gy < |57 (11.7)
Finally, we show that at least for some finite time, two components of a multiply connected
domain 2 will not intersect.
Let vo(m), vo(n2) be two points in distinct components of 0§, and let » > 0 be the
distance between the two components at time zero. Then since 0y = L(v(t)), we can use
Proposition 10.2 to estimate,

Iyt ) =4t )] = o(m) — Yo () + / (Osv(s,11) — By (5, 72)) ds

t t
> = 106y = = [ 1L ey

" t”LHLw([o,T]xT) 2T = CtHLHLW(O,T;Hl(T))

WV

2
r = CHSI N oo rpetey (M o zimziyy + 1710 )

=
2 r— C(T7 ’70)t7

since we have a uniform bound on ~ in H"™(T) C H(T) over [0, T]. This shows that the two
components will not intersect, at least up to a time that depends upon the initial data.

We cannot rule out the possibility that the CDE equation could continue beyond the
time of intersection of two boundary components, though it would lose any obvious physical
meaning.

11.4. Step 4: The regularized CDE.

Departing slightly from (26) of [14], we define the regularized CDE,
Oy (t) = Le(v° (1), Le(¥°) := e * L(de * ¥°), (11.8)

where L is defined in (5.4) and ¢, is a Friedrich’s mollifier on T: Parameterizing T by [—, 7],
we choose an even function ¢; > 0 in C°°(T) supported in [—1,1] with total mass 1, and set
¢e(-) = e¢1(-/¢). Then ¢, is well-defined on T for all € < 27. Also, because ¢. is even,

Assume that 7 is a non-self intersecting H™ chain. Then F(v)(8,n) < oo, which implies
that d3(n) = 0 if and only if 5 = 0. From this, we can see that L.(~%) € C>(T) as long as
¢ x0(n) = 0 if and only if 5 = 0 if and only if F(¢. * v)(8,n) < oco. By Proposition 11.4
below, in fact, F(¢: * v)(5,n) < oo for all € < gg, for some ¢y depending upon the initial
data.
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Hence, assuming that € < g9, we can apply the Picard theorem, Theorem B.1, with the
open set

0 = {yeC>(T): F(y) < 00, r(v) > 0}

to obtain a unique solution v to (11.8). Here, we have again used r (now r(y)) to denote the
minimum distance between pairs of boundary components. We let T} > 0 give the maximal
interval of existence [0,7") for all 7" < T7 of the solution. (The time 77 will depend upon &y,
an issue we will explore later.)
Since 0yy¢ = L.(~°), exploiting Proposition 10.3, we have
1d
5&”'%”%”” = (7", LE('VE))Hm(f) = (7%, @ * L(: * 76))Hm(f)
= (e % Y%, L(e * '76))Hm(1f)
< CYISm(be 7| oo g2y Ptz (6= # ¥ (Ol sy )

< CHSm(’YE)HLoo(@)Pm—l-Q (H’Ya(t)HHs(T))

for all € < g9 by Proposition 11.4 below.

Whereas the bound in (11.1) from Step 1 did not require assuming that ~ satisfies the
periodic CDE, the bounds in Step 2 do: in Proposition 11.2, we assumed that dyy = L(7).
This estimate must be replaced with

0:05(n)| = 10ev°(n) — 0" (n — B)| = |L(v*)(n) — L(~*)(n — B)]
= [¢e * L(de ¥ ¥°)(n) — b= * L(¢e ¥ ) (n — B)]

< /fqﬁe(f)w(qﬁe )~ €) — Lo +77) (1 — B — €)] dB
< /che(f)Az(cbs w7, )|B]dB < CAs(de x+°, )5,

since by Proposition 10.4,
| L(e *¥*)(n) = L *¥°)(n = B)| < A2(6: + 77, )| ].
Then, applying Lemma B.11 with f = L(¢. * %) (so f itself in Lemma B.11 depends on ¢),
0105 (n)| < A2(¥*, @) (8] + Ce).
Applying Proposition 11.4 below, we see that the bound from Step 2 in (11.2) becomes

VP O ey < PO o) + /0 Ao (), ) [FOE (D Py ds, (119)

for all € < g¢ up to time 77
These estimates give the following:

Proposition 11.3. The bounds in (11.4) and (11.7) of Step 3 hold for ~¢ in place of ~
uniformly for € < €g, and we obtain a bound on the time of existence, T, of the regularized
solutions that is uniform over € < €.

There is a caveat, however, to our estimate in (11.9), as to continue to apply Proposi-
tion 11.4 at time ¢ € [0, 7], we must recalculate g, creating in effect ¢(¢). So (11.9) holds
only up to some non-constructive time given by the Picard theorem. This applies then to
the time 7™ we derived from (11.4) and (11.7). By decreasing g arbitrarily close to 0, we
can extend the estimate on T to arbitrarily close to that given by (11.4) and (11.7).
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Proposition 11.4. Let v be an H? chain with HFO(')/)HLOO(TQ) < oo and nonzero and set

C , 1
::HFbOﬁHD»@aHVHH3Hnn{Hf%tﬂHDw@q\vHia’l}’
where C' is an absolute constant. For all € € (0,¢y),

HF(¢6 * 7)“L00(’E“2) < 2HF<’Y)HLoo(T2)7
1906 %) ey < 200N ez 1 = 0,1,2,3.

Proof. Because ||F0('Y)HLoo(T2) < 00, it must be that dg(n) vanishes only when 8 = 0. More-
over,

€0

1
sup ——— = sup Fo(7)(0,1) < ||[Fo(Y)]] oo 2y < 00,
P a0 < Nl e ey

so for all n,
1

||F0(7) HLoo(ﬁQ) '
But then by Lemma B.11, there exists g9 € (0,27) such that, for all € € (0, &),

Oy ()| > a =

3
e ()| > Y22
Let 8 # 0. By the mean value theorem, for some 71,72 between 1 and n — g3,
1 _ 10 x85m)I® _ |pe x () — ¢ x (0 — B)[
Fo(¢e ) (B,m)? B2 1B/
_ |¢€ * '71(77) — Qe * 71(77 - 6)|2 ‘Qse * 72(77) — e * 72(77 - ﬁ)|2
- 18P ! EE

= [ * Oy (m)* + e % Oy* (m2) [°
= |ge * Oy (m)? + e * Oy (m)* + [|de * Oy (m2)[? — [e * Dy ()]
= |¢e * Dy (m)[* = (|6 * Dyy* ()12 = | * Byy® (m2) ).
Now,
|| * Oyy? (m)|? — 6= * Oyy* (m2) |
= (16 * Oyy* (m)| =+ |= * 0y (m2)|] 116 * Byy* (m)| — |e * Dy* (m2) |
< Cllee Y[ p210n b= * ¥ (1) — Oy + ¥* (m2))|
< Clvl 20107 be = Al oo Im — n2]
< Ol uzll¢e = Al gslm —mal < Clivllgs|Bl,
where we used the reverse triangle inequality and Lemma B.9. Hence,

1 3a
5 = |6 * Oy (m)I” — Collv[I3s 18] = T Collv[1 33181

Fo(pe *7)(B,n)
_ 3 B 2 I
= mm G e P> gEeyE

Fo(¢e xv) (1, 8) < 2(v)(n, B) (11.10)
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for all |5]| < By, where

fio = 1
" 2R B

Then for |5] > 5o

5]
sup = sup Fo(v) (B, 1) < |Fo(Y)||; w0 oy < 00,
n 165 n 0(M)(B,m) < NFo(M)l oo (2)

so for all n and all |3] > By, 195(m| > a, and hence

El
165(n)| = [Bla = foa.

Then by Lemma B.11,

|9 % 83(n) — 8p(n)] < 2me|dpl[cor < Crellv[lp2-

If
e<egg = ﬁoa 65("7)
201 Yl g2 2C1[Y a2
then
1 1
|6 * 85(1) — 5(n)] < 5185(n)] s0 |6+ d5(n)] = 515(n)]
and

[de * dp(m)| _ [95(n)]
Bl 7218l

which gives (11.10) for all n and |5] > So.
Noting that

1 1
 2C1UIFo () oo g2y Y12 2C0 Fo (7) (B, m) 1175

gives the bound for Fy.
The bound for Fj, j # 0, is obtained similarly, though now we use that do(n) = 0, so
| % 85(n) — mj| = [nj] — e % 03d3(n) [ L= B] = 3] = l|¢e * Opy(n — B) ()| LB
= |7 = [19p¢e * Yl|<|B] = 1 = ||| 3| Bl.
So setting By = (27|l zs) !, (11.10) holds for all |3] < By, The argument for |3| > By is the

same as for Fy, because the || in the numerator of Fy(v)(5,n) played only a passive role in
that estimate. Noting that

€0

B Boa B 1
2C1 1Vl 20F0 () oo gy YNl 1

€0

we obtain the bound for F; and, combined with the bound for Fj, we obtain the bound for
F'. The bound for S,, then follows from the bound for F'. ]

Remark 11.5. Of course, we also have that if r(v) > 0, then for sufficiently small e, we
also have r(¢e x ) > 0.
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11.5. Step 5: Convergence to a solution. Let (y%).<., be the family of solutions from
Step 4. Then

||8t'7€||L2(q‘f) = HLE("/E)HLz(T) = ||pe * L * '76)||L2(T) < [ L(¢e * 75)”L2('JT‘)
< CSo0(9e * ¥ ) lLoollde * [l mr < CSov ) oo 17| 71

using Propositions 10.2 and 11.4.

Let 0 < r < m and fix T" < T*. Using the uniform bound in Proposition 11.3, we
apply Lemma B.3 with Xo = H™, X; = H", Xy = L? to conclude that there exists v €
C([0,T]; H"(T)) and some sequence (g,) with €, decreasing to 0 for which v — ~ in

)
c(o. T HA(T). )
Let E = L*(0,T; L?(T)), which is separable. Then E* = L>(0,T; L*(T)) and (9;7%)o<e<eq
is uniformly bounded in E*, so Lemma B.4 gives a v € E* and some subsequence (&,) which
we relabel (g,,) for which

(0", ©)pxB — (V,9)p+ E for all ¢ € E.

—

But, for any ¢ € D((0,7) x T) C E,

(O, 0)pxE = — (Y, 0i0)pr D — — (7, 0i0)p D = (017, ©) D', D

SO v = Oy in E*.
Also, using Proposition 10.4,

Jim [ e, (v7") = L(Y)llL2 = lim [[de, * L(ge, *¥™) = L(7)llz2
< lim [[ge, * L(de, * 75”) Gen * LY L2 + N [l6z, % L(y) = L(7)]|2
< lim [[L(¢e, * ™) = L(Y)llz2 + 0 < lim Bi(y, ¢e *Y)ll¢e, ¥ ¥ = llm
< B (‘m) lim [|¢e, * ¥ — ¢e, * Y| g + B1(v,y) Im ||¢e, * v — v[[m
n—oo n—oo
< Bi(y,7) lim [y = [l +0 =0,

/

since 4" — 4 in C([0,T]; H"(T)) for any r < m. We also used Proposition 11.4 to conclude
that lime_,0 B1(7, ¢ * ¥) = Bi(7,7) (unless v = 0, in which case there is nothing to be
proven).

Then because L., (v**) = 8y and 8y converges weak- in L>(0,T; L2(T)) to dy, we
conclude that 0y = L(y) and, for all 0 < r < m,

v €W i={vy e C([0,T); H"(T)) N L>=([0,T); H™(T)), dry € C([0,T]; LX(T))} .

We now show that, in fact, v € C([0,T]; H™(T)) following along the lines of the similar
argument for the Euler equations on pages 110-111 of [23].

First, we show v € Cyy ([0, T]; H™(T)), meaning that for any ¢ € H™(T), (p,~(t)) is a
continuous function of ¢ over [0,T]. Here, (-,-) = (-,-)gm g-m is the pairing in the duality
between H™(T) and H~"(T). We will use that if < m, then H~" C H~™ and for any
feH ", ge H™, {f,9)gm g-m = {f,9) 5 g

Because v¢ — v € C([O,T];HT(q)), for any t € [0,T], any r < m, and any 1) € H*T(’]f‘),

(.7 (1)) = (.7 (1)
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uniformly on [0,7]. Let ¢ € H~™. Since H " is dense in H "™, we can find a sequence (¢,)
in H=" with ||, — ¢| g-m < n~!. Then,
(o, 7(8) = ()] <[ = Py v () = Y () + [{Yon, ¥ (£) = 7° (1))
o = Yull—m Yl oo 0,75y + 1V oo (0,75 + [, ¥ (E) — Y5 (1))
Cn™ + [{thn, v () —¥° (1)),

using that (%) is uniformly bounded in L*°(0,T; H™(T)).
Given n, we can choose € = ¢(n) sufficiently small that

[, () = YN < Monll = l7 () =¥ ()| <17

uniformly over [0, 7], so that

<
<

(e v(t) = () < Cnh.
This shows that (o, v¢(t)) — (¢, ~(t)) uniformly on [0, 7] for any ¢ € H~™, which is enough
to imply that v € Cyw ([0, T]; H™(T)).

The second step is to show that ||~(¢) is continuous in time. The proof proceeds as

||Hm T
for the v = 0 case in [23], using the uniform e(n)ergy bound coming from (11.5) in place of the
bound in (3.60) of [23] and using that 9;v¢(t) = L°(~¥*(t)), like the Euler equations, is time
reversible.

The time continuity of v comes from Proposition 10.2 and that 0y = L(7y).

11.6. Uniqueness. We now obtain uniqueness in Theorem 11 1.
Let 71, v5 be two periodic CDE solutions in C([0,T]; H™(T)) with 8y € C(]0, T]; L*(T)
for which v;(0) = v5(0) = vo. Let 7 := v, — 72
Arguing as in the proof of Proposition 10.1, let
pi(Bsm) = ;(8) —v;(n)
and write L(7y,) in the form of (5.2):

L(v,(8)) = Aaz<uj<5,n>>aguj<ﬁ,n> dn

Then
Ld 2 = L L
5 IO = (7, LOn) = Lva))ie
= [ A3 163 ua(8.m)Papas (. = G (B2 1)) s3]
// 5 (11 (0, 8))02401 (0, B) — Gy (o, B)) D22 (n, B)] dB dn
// » (11(B,1) 02001 (B,m) — G5 (112(8,1)) D215 (B, )] dndB.
In the second equality, we simply switched variable names n and (3, while in the final equal-
ity we used that Gj(—x) = Gy(x) and p;(n,8) = —p;(B,1) and switched the order of
integration. Taking the average of the second and fourth expressions, we see that
d, _
*||‘Y(75)||2

-/ / )+ G5 1y (5,12t (5.m) — G 5. 1)y (5,1)] i .
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Now let
65(n) = ;(n) —v,;(n - B),
d5(n) = d5(n) — 85(n) =5(n) —3(n - B).
Making the change of variables, 8+ n — 3, but leaving 1 unchanged, using that « is quasi-

closed, that p;(n—8,1) = v;(n—B)—~;(n) = —65(n), that ¥(n—8)—7(n) = 6% (n)—dj(n) =
—85(n), and that 9y8%(n) = 9,0%(n), we have,

SO,
-/ /x—w» (G5 (-85(n))0a(~85(n)) — G (~ 83 ()2~ () (~d9)
= [ [s(0) - 1G3(83 ) 02350) — G (8300, 85 )] .

We make the decomposition as in [14],

d,_
a”’)’(ﬂ”iz(f) =1 + I,

where
/ / 85(n) - [G}(85(n)) — G*(85()] 9,05(n) dn dp,
bi== /T /TaﬂW)-G?(%(n))anéﬁ(n) dn dj.

From the proof of Proposition 10.4,
[G¥(85(n)) — G*(85(n)| < ColdZ(n) — 85|87~ = Colds(n)]|B] ',
SO
1
1< Co [, [ rmslBanPIo,8bm o dnds

B - _
< Collm s / | 5'|1'+a [\6ﬂ<n>12dnd5 < Collva s 711,

using Lemma B.10 in the last inequality.
For I5, we have,

|fgr——//Ga 83(n)) 0[S (n)|? dndB = //a G2 (63(n))[85(n)|? d dB
=5 [ (VG383 0,83)Es P and
<C / / WLQ||3n5%(77)\|Lw|56(77)\2dﬁdﬁ

a _
: |/3|r’+ LBt dnds = Cly s 712

Combined, these bounds give

< Clvallae

d
%H’Y( )”LQ(T C”7( )HLQ(T
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where C' depends upon the H? norms of v; and 5. We conclude from Grénwall’s lemma
that v = 0, giving uniqueness, and completing the proof.

Remark 11.6. In Section 5 of [14], Gancedo formulates an alternate CDE for o = 1
for which the parameterization ~(t,-) is “constant-speed” in the sense that |0,y(t,n)]* =

A(t) for allm € T for some differentiable function A. To do this, an additional term must be
added to the CDE, transforming it, as in (31) of [14], to

oy(t,n) = L(v(t,n) + A(v(t,n) 0y (t, ).

Without the addition of A0y, one can easily adapt the uniqueness proof we just gave to
use the log-Lipschitz modulus of continuity . (see Remark 10.5), and complete the uniqueness
argument by applying Osgood’s lemma in place of Gronwall’s lemma. With the addition of
Ay (t,m))0yy(t,m), however, such an argument fails, because, ultimately, ||A(v1) — Av2)l L2
cannot be bounded sufficiently well in terms of ||v; — Yallr2-

APPENDIX A. BOUNDS ON R%

Proof of Proposition 3.3. In outline, we proceed as follows. First, we show that bounding
R* on II,, gives the core of the estimates. Second, we establish (3.13). Third, we use (3.13)
to bound R® in L*°(II,), a step that involves the most delicate estimates. Fourth, we bound
derivatives of II,, using (3.13). Fifth, we incorporate simple estimates on the singularities of
R“ at each point in £* to obtain the bounds in (3.14).

Step 1: First, we show that it is almost sufficient to bound R* just on IL,.
From (3.12), R* = G}y — G*. Now, VLG;’,‘ = K, is periodic and defined on R?\ L. Hence,
G} is the sum of a periodic and an affine function, so
R*(x) = fper(X) + (@ +b-x) — GYx) for x € R*\ L

for some periodic function fye, defined on R?\ £, scalar constant a, and vector constant b.
Hence, if we can bound R® on II,, the bounds on all of R2\ £ will follow.
More precisely, since R* is C* on II,, it must be that fp,(x) — G%(x) € C>*(Il,). Let
x € II, and y = x +n;. Then
R(y) = fper(x+ 1) + (a+b- (x+mn;)) - G*(y)
= fper(x) +(a+b-x) —Gx) + b -n; + G x) — G(y)
= RY(x) + b1j + G*(x) — G(y).
We can write this as
R%(x) = R*(p(x)) + G*(p(x)) + b1(x — p(x)) — G*(x), (A1)
where p is the covering map of (2.4).

Step 2: Next, we obtain the expression for R* in (3.13).

Let x = (x1,22) be a point off the xy axis, x = (x1,z2), supposing z1,z2 > 0, and let
X = x/|x|. Integrating as in (3.11) from the origin to 0 in a straight line, 7 = X, and since
R(0) =0,

x| x|

Rx)= [ H(rR)t Rdr =~ [ HY(%)-X"dr
0 0
x| R A Ix| (rx —nj)t - (T2, —71)
== TEr-m Caddr = e [0 3 B2
0 ez 0 jez J
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x| e e A . (7 =
:aca/ (—=ra,r21 — j) - (T2, +21)dr
0 ez ((rz1—j)? +r223) 2

C e || rﬁ:\% + r:c2 — 17 dr
jez ((rzy — j)% 4 r223)

Making the change of variables, u = (rz; — j)? + 1?23, so du = (2(rZy — j)T1 + 2r73) dr =
2(r7? + r7% — 715) dr, gives

‘x|2§§+(|x‘§1*j)2 d . CL‘2—|—(CE —j)2
Ro(x) = — 2% / 7;‘2 = O‘Caa w3 22 !
2 jeL* 72 U 2 22 JEL* J
o
1 1 1
= Ca o a |
2 [(ﬂ)z (03 + (01— )8

giving (3.13).

Step 3: Next, we bound R* in L* on II,.

We cannot split the sum in (3.13) into two sums, since neither sum would converge sep-
arately. Instead, we need to bound the difference that appears in each term. For this, we
write,

23+ (21— §)* = (2§ + 23) — 2215 + 5% = [x|* — 2215 + j?

SO
Tyi= - L (xP—2wj+s%)5 -l
7 @B = DT (R = 200 + 7
gl (14 B} T e (1 )Ry
e |y|a(1+"" 2 (=

If MQ;# > —1 then we can apply Lemma A.1. Now,

|X|2 —2x1j
j2
The discriminant of the polynomial g(j) is 42% — 4|x|> = —42% < 0, and g(0) = |x|? > 0, so
we conclude that we can, in fact, apply Lemma A.1 for all j € Z*. This gives,

> -1 = x| 2215 > —j* <= g(j) == 5% — 2215 + |x|* > 0.

|x|2—221]
o =
Tl <l ——.
a;
where
|2 —2z15  g(j)
aj =1+ 2 B

We know from our earlier analysis that a; > 0 for all j. To find its minimal value, let
h(j) :== Mjﬂ and calculate, for j # 0,

FAR(G) = 2 (—221) — (|x[* — 2215)2) = 23152 — 2/x|%) = 2j (215 — |x[*) =
— j= |x|2/:L‘1.
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Now, lim; 400 h(j) = 0, lim;_,g+ h(j) = 400, and

X2 - 2x? _ a?
X _— =
M) = T T T

giving the minimum value of h(j). Hence, a; is at least this minimum value plus 1; that is,

2 2
X T
aj>1— L =2 (A.2)
’ x> [x[?
Hence,
) <11 (B) B
I 2 \xo j2
Thus,
acy (%] Ix|? — 221]
Rl < 25 (2 e Y v
jez*

[0
X
= aco((2 + ) (H) Ix|?.
T2
By symmetry, this bound holds for all points not on the vertical or horizontal axes.
If we restrict x to lie in IT, with |2z3| > 1 then |x|/z2 < v/2, s0
|RY(x)| < ca22C(2 + )|x|%.
On the remainder of II,, we just use that H* is C°°, and we conclude that
|R*(x)| < C(1 + |x[?) for all x € I,
Step 4: We now turn to derivatives of R, again restricting x to lie in I, with |z2] > 1.

The estimates on 7T show that the sum in (3.13) converges uniformly on compact subsets,
so we can differentiate the sum term by term. Hence,

01R04(x) = QCq Z (1‘1 _ ])(.ZU% + (xl . j)g)_l_%’
Jjezx
62RQ(X) = QCaT2 Z (ajg + (»Tl _ j)2)_1_%_
JEL*
Thus,
1+ U\
R (x)| < C ooy <
Ier JEZ

2 (x) < © Z < Cra.

1428
jez* x2—1+]) :

We can see that repeated derivatives with respect to 1 do not lead to increased growth
in 9, while each derivative with respect to zs introduces growth by another factor of 5.
We conclude that on II,,

C(1+|z2)?) ifn=0,

A3
C(1+|z2) ifn> 0. (#-3)

[VER(x)] < {

Step 5: Finally, we incorporate estimates on the singularities arising from G<.
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For x € R?\ II,,, G%(x) is C* and decays, along with all of its derivatives, to zero at
infinity. Hence, returning to (A.1), we see that near any point n; in £*, R* has a singularity
like that of G*(x —n;). Combined with (A.3), and noting that the singularity in G*(x — n;)
is larger than the constant terms in (A.3), we obtain the bounds in (3.14). O

We used Lemma A.1 in the proof above of Proposition 3.3.
Lemma A.1. Let b€ (0,1). Then for all x > —1,
(1+2)° <1+ bz
Proof. Let f(x) =1+ bz — (1 +x)®. Then f(0) =0 and if 2 > 0,
fl@)=b-b1+2)"t>b-b=0.
Likewise, if instead —1 < z < 0, then
fl(z)y <b—b=0.
which establishes the inequality. O
APPENDIX B. SOME LEMMAS
Theorems B.1 and B.2 are adapted from Theorems 3.1 and 3.3 of [23].

Theorem B.1 (Picard). Let O be an open subset of the Banach space X and let L be a
nonlinear operator from X to X that is locally Lipschitz continuous on O; that is, for any
x € O there exists an open neighborhood U, C O of x and M > 0 for which

|L(z) — L(2")||x < M|z — 2'||x for all z,2" € U,.
Then for any xo € O there exists a time T > 0 such that the initial value problem (ODE),

dx(t) B
"0 L),
z(0) = xo

has a unique solution in C1((—=T,T);O).

Theorem B.2 (Continuation of ODE). Let X, O, and L be as in Theorem B.1. A unique
solution x for '(t) = L(x(t)) exists on [0,00) or leaves the open set O as t — oc.

The following is adapted from Theorem I1.5.16 of [7]:
Lemma B.3 (Aubin-Lions-Simon). Let
XpCC X1 C Xy

be Banach spaces with Xo compactly embedded in X1 and X1 continuously embedded in Xs.
Let 1 < p,r < oo and for T > 0 define

E,, :={veLP0,T;Xy): v e L"(0,T; X2)}.

(1) If p < 0o then E,, CC LP(0,T;Xy).
(2) If p=o00 and r > 1 then E,, CC C([0,T]; X1).

The following is a version of the Banach—Alaoglu theorem (see Theorem I1.2.7 of [7]):

Lemma B.4. If E is a separable Banach space then any bounded sequence in E* has a weak-%
convergent subsequence in E*.
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We often bring a derivative inside an integral using Lemma B.5, from Theorem 2.27 of
[11]:

Lemma B.5. Let f: T2 — R with 105f(8,-)] < g for some g € LY(T). Then

0 /wa,n) dn = /T,aﬁf(ﬂ,n) dn

Lemma B.6 allows integration by parts in the presence of a controlled singularity:

Lemma B.6. As in Remark 9.1, parameterize T by B € [—m, ] and define, for any e > 0,
Te := [—m, 7]\ [—€,€]. Suppose that f,g: T — R with

f0ng, (0 f)geLl( ), f,gEHl( ) for alle >0, and hmf( )g(n) = 0.

L@t =~ [ st

Proof. Using our assumptions on f and g,

/ﬁf&;Q dn = limﬁ fOpgdn = —lim [[ (anf)gdnJrfglie} = —ﬁ(anf)gdn- O
T e—0 T, e—0 T, T

Then

We use Lemma B.6 through the following immediate corollary:

Corollary B.7. Suppose that |f(n)| < Cln|", |8,f(n)] < Cln|"", |g(n)| < C|nP, |0p9(n)| <
Cn|? withp+r >0, g+r > —1. Then

Lousnatn =~ [ rmdngt

Lemma B.8. Let v: R — R? be differentiable. For any a € R,

d a __ a—2 dv
VIt = alv(m)* v 2
Proof. We have,
d d a a1 d d
ZIVOI = Z(V)P)E = S(vr)P) T VP = Sivl v 2 =

Lemma B.9 allows us to control Hélder norms up to C'! by the H? norm:
Lemma B.9. Let v be an H? path in R?. Then

ey < ClYL gy

10ny (M oo () < 17Vl con (7

1055 (D ooy < IVl o3

H'Y”Hz(qf)u

<
< H7HH3(f)

Proof. Apply the 1D Agmon’s inequality in the form
A o1 A 1
1031l ey < IO, 2 1T, 1) < Cllrl sy

where we note that the constant C' depends only on ']T", and so is effectively absolute. O
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Lemma B.10. Let v be an H* path in R?, k > 1. For all B,n € T,
133050 < Clvll gy for 0<j <k —1,

19385(m)] < Y| vy |8] for 0< G < k-2,
1038501 2.7y < CllI 1918l for 0<j <k =1,
10985(llzs < Cllvll ooy 81 Jor 0< 5 <k — 2.

Moreover,
18500535y < ClA| s |81 for 0< j < k=1,
H%(n)HHg,j<crwum+2m\m for0<j<k—2.

Proof. Applying Lemma B.9,

10385 <1y + 18v(n = B)| < 207 < Cllvl| g1
10565(n)| < |85v(n) — 8v(n — B <105+ 1< |B] < Clivl iv2|Bl.
For the third inequality, we adapt the argument on pages 2577-2578 of [14]:

3365(n) = Bi(n) — D — B) = /8”777+81)5)d

1 .
=8 [ 9+ =1 as.

Applying Minkowski’s integral inequality for LP, p € [1, oo],

1 1
1385mlzs < 181 [ 10 3(n+ (s = DBy ds = 181 [ 107 4wl s

which gives the third inequality when setting p = 2. Summing over j gives the bound on
18501 53,
For the final inequality, we use the 1D Ladyzhenskaya’s inequality, to give

10385, < NI 31958500 < Iyl s 181F vyl 81
< Ol gi+21B]-
Summing over j gives the bound on H&g(n)HH;;]] O
Lemma B.11. Let f € C(T). For any p € [1, 0],
6§ = Fll oty < 27l fllcon sy < 2mell o,
Proof. Because [7¢: = 1,

Ipe * £(n) = F) o 5 =

1T,(qﬁs(ﬂ)[f(n —B) = f(n)]dp

Ly(T)

T(<b1(<€_16) [f(n—B)—f(n)]dp

Li(T)

_ H L@@ -28) - rm)as

Li(T)
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<¢ [ =D =1

<¢ [ == I

< 27TEHfHCO,1(q‘f) /T¢1(5) dp = 2775”]0“00,1(1‘1‘) < 2775Hf||H2(T)

by Lemma B.9. (I

dp

Li(T)

43 < 210l e sy [13161(8) d5

Lge(T)

Lemma B.12 (Osgood’s lemma, integral form). Let L: [0,00) — [0,00) be measurable,
g: [0,00) — [0,00) be integrable, and let p: [0,00) — [0,00) be a continuous non-decreasing
function with n(0) = 0. If

L(t) <a+ / 9(s)n(L(s)) ds

If a =0 and p is an Osgood function, meaning that
/1 ds
=2 =0,
o H(s)
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